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Outline

(@ When ML Meets Big Data

(@ Advantages of Deep Learning
o Representation Learning
o Exponential Gain of Expressiveness
o Memory and GPU Friendliness
o Online & Transfer Learning

@ Learning Theory Revisited
o Generalizability and Over-Parametrization
o Wide-and-Deep NN is a Gaussian Process before Training*
o Gradient Descent is an Affine Transformation*
o Wide-and-Deep NN is a Gaussian Process after Training*
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The Big Data Era

Increasing dataset size over time
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o Today, more and more of our activities are recorded by ubiquitous
computing devices
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The Big Data Era

Increasing dataset size over time
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Dataset size (number examples)

o Today, more and more of our activities are recorded by ubiquitous
computing devices

o Networked computers make it easy to centralize these records and
curate them into a big dataset

o Large-scale machine learning techniques solve problems by
leveraging the posteriori knowledge learned from the big data
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Characteristics of Big Data

Data at Scale
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petabytes of data
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Data in Many Forms
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text, multimedia
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Analysis of streaming data | |Managing the reliability and
fo enable decisions within predictability of inherently
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Challenges of Large-Scale ML

o Variety and veracity

o Feature engineering gets even
harder
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Challenges of Large-Scale ML

o Variety and veracity

o Feature engineering gets even
harder
o Multi-task/transfer learning

o Volume

o Large D: curse of
dimensionality
o Large N: training efficiency

o Velocity
o Online learning
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Advantages of Deep Learning

o @ Neural Networks (NNs) that go deep

(object identity’

3rd hidden layer
(object parts)

2nd hidden layer
(corners and
contours)

Ist hidden layer
(edges)

Visible layer
(input pixels)
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(object identity)
o Automatic feature engineering

3rd hidden layer o A kind of representation learning
(object parts)

o Exponential gain of expressiveness
2nd hidden layer o Counters the curse of dimensionality

(corners and

wnows) @ Memory and GPU friendliness

o SGD
o GPU-based parallelism

Ist hidden layer
(edges)

o Supporting online & transfer learning

Visible layer
(input pixels)
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Is Deep Learning a Panacea?

o | have big data, so | have to use deep learning
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Is Deep Learning a Panacea?

o | have big data, so | have to use deep learning
o Wrong! No free launch theorem: there is no single ML algorithm that
outperforms others in every domain
o Deep learning is more useful when the function f to learn is complex
(nonlinear to the input dimension) and has composited patterns
o E.g., image recognition, natural language processing
o For simple (linear) f, there are specialized large-scale ML techniques

(e.g., LIBLINEAR [7]) that are much more efficient
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learning
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o Gray boxes are learned automatically
o Deep learning maps the most
abstract (deepest) features to the
output
o Usually, a simple linear function
suffices

o In deep learning,
features/presentations are distributed
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Distributed Representations of Data

o In deep learning, we assume that x's
were generated by compositions of
factors, potentially at multiple levels

Output in a hierarchy

(object identity)
o E.g., layer 3: face = 0.3 [corner| +
0.7 [circle] + 0 [curve]

3rd hidden layer
(object parts)

2nd hidden layer
(corners and
contours)

1st hidden layer
(edges)

Visible layer
(input pixels)
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Distributed Representations of Data

o In deep learning, we assume that x's
were generated by compositions of
factors, potentially at multiple levels

i, ina hierarchy
o E.g., layer 3: face = 0.3 [corner| +
0.7 [circle] + 0 [curve]

3rd hidden layer

(object parts) o [.] a predefined non-linear function
o Weights (arrows) learned from
2nd hidden layer training examples

(corners and

cnows) @ Given x, factors at the same level
output a layer of features of x
I o Layer 2: 1, 2, 0.5 for [corner],
[circle], and [curve| respectively
vanewer @ 10 be fed into the factors in the next
(input pixels) (deeper) level
o Face=03*14+07%*2
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Outline

(@ Advantages of Deep Learning

o Exponential Gain of Expressiveness
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Curse of Dimensionality

o Most classic nonlinear ML models find 8 by assuming function
smoothness:

if x ~x) € X, then f(x;w) ~f(x;w)
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Curse of Dimensionality

o Most classic nonlinear ML models find 6 by assuming function
smoothness:

if x ~x € X, then f(x;w) ~ f(x;w)

o E.g., the non-parametric methods predict the label $ of x by simply
interpolating the labels of examples x()'s close to x:

Zay x)+b, where k(x® x) = exp(—y||x® —x||?)

o Suppose f is smooth within a bin, we need exponentially more
examples to get a good interpolation as D increases
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Exponential Gains from Depth |

oww @ Functions representable with a deep
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rectifier NN require an exponential
number of hidden units in a shallow
3rd hidden layer
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Exponential Gains from Depth |

ow @ Functions representable with a deep
R ectifier NN require an exponential

. number of hidden units in a shallow
T NN [13]
o In deep learning, a deep factor is

defined by “reusing” the shallow ones

o Face = 0.3 [corner| + 0.7 [circle]

o With a shallow structure, a deep factor

2nd hidden layer
(corners and
contours)

1st hidden layer

(edges) needs to be replaced by exponentially
many factors
Visible layer o Face = 0.3 [0.5 [vertical| + 0.5

(input pixels)

[horizontal] | + 0.7 [ ... |
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Exponential Gains from Depth Il

o Another example: an NN with absolute value rectification units

&b

o Each hidden unit specifies where to fold the input space in order to
create mirror responses (on both sides of the absolute value)
o A single fold in a deep layer creates an exponentially large number of
piecewise linear regions in input space
o No need to see examples in each linear regions in input space
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Exponential Gains from Depth Il

o Another example: an NN with absolute value rectification units

-

o Each hidden unit specifies where to fold the input space in order to
create mirror responses (on both sides of the absolute value)

o A single fold in a deep layer creates an exponentially large number of
piecewise linear regions in input space
o No need to see examples in each linear regions in input space

o This exponential gain counters the exponential challenges posed by
the curse of dimensionality
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Outline

(@ Advantages of Deep Learning

o Memory and GPU Friendliness
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Stochastic Gradient Descent
Gradient Descent (GD)

w(© < a randon vector:
Repeat until convergence {

Wt Wl =0V, Oy (W X);
}
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Stochastic Gradient Descent
Gradient Descent (GD)

w(© < a randon vector:
Repeat until convergence {

Wt Wl =0V, Oy (W X);
}

o Needs to scan the entire dataset to descent (many |/Os)

(Mini-Batched) Stochastic Gradient Descent (SGD)

w(® « a randon vector;

Repeat until convergence {
Randomly partition the training set X into minibatches {XV)};;
wtD — w) v, C(w); X0);

}
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Stochastic Gradient Descent
Gradient Descent (GD)

w(© < a randon vector:
Repeat until convergence {

Wt Wl =0V, Oy (W X);
}

o Needs to scan the entire dataset to descent (many |/Os)

(Mini-Batched) Stochastic Gradient Descent (SGD)

w(® « a randon vector;

Repeat until convergence {
Randomly partition the training set X into minibatches {XV)};;
wtD — w) v, C(w); X0);

}

o No I/0O if the next mini-batch can be prefetched
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GD vs. SGD

Epoch
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GD vs. SGD

C(w)

Epoch

o Is SGD really a better algorithm?
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Yes, If You Have Big Data

€W  You stop here

Epoch

o Performance is limited by training time
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Asymptotic Analysis [4]

GD SGD
Time per iteration N 1
#lterations to opt. error p log% %
Time to opt. error p Nlog% %
Time to excess error € gﬁlogé, where o € [%, 1] é
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Parallelizing SGD

Data Parallelism Model Parallelism

L -
Parameter Server W’ =W - NAw

O
O
O
O
O
O
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we (JO) (D0 OO

w00 (00 00
=N R o R

Shards

Core 3
Core 4

Every core/GPU trains the full Every core/GPU train a
model given partitioned data. partitioned model given full
data.
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Parallelizing SGD

Data Parallelism Model Parallelism

L -
Parameter Server W’ =W - NAw

0000000

o/ 1T\
e [0

00 OO
w00 (00 (00
=N o

Shards

Core 1

Core 2

Core 3
Core 4

Every core/GPU trains the full Every core/GPU train a
model given partitioned data. partitioned model given full
data.

o The effectiveness depends on applications and available hardware
o E.g., CPU/GPU speed, communication latency, bandwidth, etc.
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Outline

(@ Advantages of Deep Learning

o Online & Transfer Learning
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Online Learning

o So far, we assume that the training data X comes at once

o What if data come sequentially?
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Online Learning

So far, we assume that the training data X comes at once
What if data come sequentially?

Online learning: to update model when new data arrive
This a already supported by SGD

© © o o
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Muti-Task and Transfer Learning

o Multi-task learning: to
learning a single model for
multiple tasks

o Transfer learning: to reuse the
knowledge learned from one task
to help another
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Muti-Task and Transfer Learning

o Multi-task learning: to Ca gy

learning a single model for
multiple tasks
o Via shared layers al
o Transfer learning: to reuse the
knowledge learned from one task
to help another

T2,i) Q(T2,i)

Shan-Hung Wu (CS, NTHU) Large-Scale ML Machine Learning

25/ 67



Muti-Task and Transfer Learning

o Multi-task learning: to 2T §ILo
learning a single model for
multiple tasks
o Via shared layers 2T §r2)

o Transfer learning: to reuse the

knowledge learned from one task
to help another L (Sci) 57ed)
o Via pretrained layers (whose

weights may be further
updated when a smaller
learning rate) LDt
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Outline

@ Learning Theory Revisited
o Generalizability and Over-Parametrization
o Wide-and-Deep NN is a Gaussian Process before Training*
o Gradient Descent is an Affine Transformation*
o Wide-and-Deep NN is a Gaussian Process after Training*
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Learning Theory

o How to learn a function fy from N examples X that is close to the
true function f*7
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Learning Theory

o How to learn a function fy from N examples X that is close to the
true function f*7

Empirical risk: Cy[fy] = N): loss(fy (x),y1)
Expected risk: C[fy] = [loss(f(x),y)dP(x,y)
Let f* = argminy C[f] be the true function (our goal)
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Since we are seeking a function in a model (hypothesis space) F, this
is what can have at best: fji = argminscp Cf]
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Learning Theory
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How to learn a function fy from N examples X that is close to the
true function f*7

Empirical risk: Cy[fy] = N): loss(fy (x),y1)
Expected risk: C[fy] = [loss(f(x),y)dP(x,y)
Let f* = argminy C[f] be the true function (our goal)

Since we are seeking a function in a model (hypothesis space) F, this
is what can have at best: fji = argminscp Cf]

But we only minimizes errors on limited examples in our objective, so
we only have fy = argmingcp Cy|f]
The excess error & = C[fy] — C[f*]:

& = Clfg] — Cf*] +Clfv] — Clfi]
Sapp Best
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Excess Error

o Wait, we may not have enough training time, so we stop iterations
early and have fy, where CN[fN] < Cn[fv]+p
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Excess Error

o Wait, we may not have enough training time, so we stop iterations
early and have fy, where Cy[fy] < Cy[fv] +p
o The excess error becomes & = C[fy] — C[f*]:

¢ = Clfg] - Clf*] + Clfv] — Clfc] + Clin] - Clfv]

~

Cgaapp éaest éaopt
o Approximation error &,pp: reduced by choosing a larger model
o Estimation error &es: reduced by

@ Increasing N, or
@ Choosing smaller model [5, 12, 15]

o Optimization error &ype: reduced by

@ Running optimization alg. longer (with smaller p)
@ Choosing more efficient optimization alg.
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Minimizing Excess Error

& = Clfg] = Clf*]+ Clfv] - Clf] + Clfw] — Clfv]
Sapp Best Sopt

o Small-scale ML tasks:
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o Computing time is not an issue, so &t can be insignificant by
choosing small p
o Size of hypothesis is important to balance the trade-off between &,pp

and gest
o Large-scale ML tasks:
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& = Clfg] = Clf*]+ Clfv] - Clf] + Clfw] — Clfv]
Sapp Best Sopt

o Small-scale ML tasks:
o Mainly constrained by N
o Computing time is not an issue, so &t can be insignificant by
choosing small p
o Size of hypothesis is important to balance the trade-off between &,pp

and gest
o Large-scale ML tasks:
o Mainly constrained by time (significant &,pt), so SGD is preferred
o N is large, so &us can be reduced
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Minimizing Excess Error

& = Clfg] = Clf*]+ Clfv] - Clf] + Clfw] — Clfv]
Sapp Best Sopt

o Small-scale ML tasks:
o Mainly constrained by N
o Computing time is not an issue, so &t can be insignificant by
choosing small p
o Size of hypothesis is important to balance the trade-off between &,pp

and gest
o Large-scale ML tasks:
o Mainly constrained by time (significant &,pt), so SGD is preferred
o N is large, so &zt can be reduced
o Large model is preferred to reduce &pp
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Big Data + Big Models

Increasing dataset size over time Number of connections per neuron over time

(o)

Cat

(o)

()

Dataset size (number examples)
Connections per neuron

1950 1985 2000 2015

9. COTS HPC unsupervised convolutional network [6]
10. GoogleLeNet [14]
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Big Data + Big Models

Increasing dataset size over time Number of connections per neuron over time

"

(o)

Cat

(o)

()

Connections per neuron

Dataset size (number examples)

1950 1985 2000 2015

9. COTS HPC unsupervised convolutional network [6]
10. GoogleLeNet [14]

o With domain-specific architecture such as convolutional NNs
(CNNs) and recurrent NNs (RNNs)
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Outline

@ Learning Theory Revisited
o Generalizability and Over-Parametrization
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Over-Parametrized NNs

o Let DY) be the output dimension (“width”) of a layer f)(-; ")) of an

NN
o Input/output dimension: (x,y) € R2'” x RP"
o D=min(D), ... D®)) the network width

o From the statistical learning theory point of view, the larger the D, the

worse the generalizability

Underfitting Overfitting

Error on Test Data

Error on Training Data

Model Complexity

Ideal Range
for Model Complexity
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Over-Parametrized NNs
o Let DY) be the output dimension (“width”) of a layer f)(-; ")) of an
NN
o Input/output dimension: (x,y) € R2'” x RP"
o D=min(D), ... D®)) the network width
o From the statistical learning theory point of view, the larger the D, the
worse the generalizability

Underfitting Overfitting

Error on Test Data

Error on Training Data

Model Complexity

Ideal Range
for Model Complexity

o However, as D grows, the generalizability actually increases [20]; i.e.,
over-parametrization leads to better performance
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Over-Parametrized NNs
o Let DY) be the output dimension (“width”) of a layer f)(-; ")) of an
NN
o Input/output dimension: (x,y) € R2'” x RP"
o D=min(D), ... D®)) the network width
o From the statistical learning theory point of view, the larger the D, the
worse the generalizability

Underfitting Overfitting

Error on Test Data

Error on Training Data

Model Complexity

Ideal Range
for Model Complexity

o However, as D grows, the generalizability actually increases [20]; i.e.,
over-parametrization leads to better performance
o Why such a paradox?
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Wide-and-Deep NNs as Gaussian Processes

o Recent studies [10, 9, 11] show that a wide NN of any depth can
be approximated by a Gaussian process (GP)

o Either before, during, or after training

o Recall that a GP is a non-parametric model whose complexity depends
only on the size of training set |X| and the hyperparameters of kernel
function k(-,-):

[ o[ ] [ B ]

Ym my Kuyn Kuu
with Bayesian inference for test points X':

Py | X, X) = A Kyt wKy Ny s Kt — Kng nKy K )
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Wide-and-Deep NNs as Gaussian Processes

o Recent studies [10, 9, 11] show that a wide NN of any depth can
be approximated by a Gaussian process (GP)

o Either before, during, or after training

o Recall that a GP is a non-parametric model whose complexity depends
only on the size of training set |X| and the hyperparameters of kernel
function k(-,-):

[ o[ ] [ B ]

Ym my Kuyn Kuu
with Bayesian inference for test points X':

Py | X, X) = A Kyt wKy Ny s Kt — Kng nKy K )

o Therefore, wide-and-deep NNs do not overfit as one may expect
o The D, once becoming large, does not reflect true model complexity
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Outline

@ Learning Theory Revisited

o Wide-and-Deep NN is a Gaussian Process before Training*
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Example: NN for Regression

o For simplicity, we consider an L-layer NN f(-; ) for the regression
problem:

fx;0)=a =gV (WDTg=D 4 p0) for1=1,... L,

where
o the activation functions ()(-) =--- = ¢L"D(.)=¢(-) and 9L~V () is
an identify function

o a9 =x and § = a® = z() € R the mean of a Gaussian
o 08U =vec(W" b)) and 6 = vec(6),... 61))
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Example: NN for Regression

o For simplicity, we consider an L-layer NN f(-; ) for the regression
problem:

fx;0)=a =gV (WDTg=D 4 p0) for1=1,... L,

where
o the activation functions ¢(V(-)=--- = ¢L"D(-) = ¢(-) and 9LV (") is
an identify function
o a9 =x and $ = all) = z(l) € R the mean of a Gaussian
o 00 =vec(W b)) and 6 = vec(8V), ..., 0))

o Let jy = [f(x(1;0),--- ,f(x™);0)]T € RN be the predictions for the
points in training set X = {(x® yO )WV = {Xy e RVP” y e RV}
o Maximum-likelihood estimation:

1
argmax P(X | 0) = argmin (5, yy) = argmin - [y —yy |
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Weight Initialization and Normalization

) = o0 (WOT g1 1 p0)

o Common initialization: Wl.(j-) ~ A (0,02) and bl@ ~ AN (0,02)
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Weight Initialization and Normalization

) = o0 (WOT g1 1 p0)

o Common initialization: Wl.(j-) ~ A (0,02) and bl@ ~ AN (0,02)
o To normalize the forward and backward gradient signals w.r.t. layer

width DY), we can define an equivalent NN:

a) = O (WT =) 4 p(0y

[ . l l l l l
where W\ = %o, b = 08", and o), 8" ~ 40,1
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Distribution of y

o Given an x, what is the distribution of its prediction $7?

Shan-Hung Wu (CS, NTHU) Large-Scale ML Machine Learning 37/67



Distribution of y

o Given an x, what is the distribution of its prediction $7?
o Recall that

(LT, (L1) | (L) — _ Ow 5 (L) (L=1) (L)
e +o = D(lfl)zj@/‘ ¢z )+ oup

y=2

. ), . : :
o Since a)j() s and B) are Gaussian random variables with zero means,

their sum $ is also a zero-mean Gaussian
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Distribution of y

o Given an x, what is the distribution of its prediction $7?
o Recall that

o L) _ (T (L-1) | (L) _ __ Ow (L), (L=1) (L)
y=z7=w"a +b = DWU;@ o(z" )+ ouP

o Since coj(l)'s and B are Gaussian random variables with zero means,
their sum $ is also a zero-mean Gaussian

o Now consider the predictions $ = [p(x(1),---,5(x™)]T € RN for N
points, we have

e 0 )
w 0) . 0)
L ; + 0B 1y
sy | YPED T e
y o(z (x"V))

o As D=1 5 oo by multidimensional Central Limit Theorem, § is a
multivariate Gaussian with mean 0y and covariance X
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Wide-and-Deep NN as a Gaussian Process

o The covariance ¥ completely describes the behavior of our NN
$(-) =f(:) over N points

o Furthermore, we will show that X can be describe by a deterministic
kernel function k)(-, -) independent of a particular initialization such
that

Y= : : EK%‘}V

KO (M) D) oo D) () M)y

o This implies that the NN is in correspondent with a GP called NN-GP:
o L L
sl o] [KE K,
A e I SV IR 5 e
Ym M KM,N KMM

)
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Wide-and-Deep NN as a Gaussian Process

o The covariance ¥ completely describes the behavior of our NN
$(-) =f(:) over N points

o Furthermore, we will show that X can be describe by a deterministic
kernel function k)(-, -) independent of a particular initialization such
that

Y= : : EK%‘}V

KO (M) D) oo D) () M)y

o This implies that the NN is in correspondent with a GP called NN-GP:
AJY Oy
i ~N )
[YM } ([OM ]

o What's the k(D)(-, )?

Shan-Hung Wu (CS, NTHU) Large-Scale ML Machine Learning 38/67
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Deriving k(- )

o We use induction to show that z( )( ), z(z)( ), i

1

GPs, which are govern by kernels k(V)(-,-), --
with i, respectively

Shan-Hung Wu (CS, NTHU) Large-Scale ML
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Deriving k(- )

o We use induction to show that z( )( ), z(z)( ), i ,z(L)(-) =3() are

1

GPs, which are govern by kernels k()(-,-),---  k{Z)(-,-) independent
with i, respectively
o Consider zfl)(x) = 5L, o' )x]+6h[3 a zero-mean Gaussian

o As D) — oo, we have [z (x(V), - 2" (x™))]T ~ N(0y. Ky y) by
multidimensional Central Limit Theorem, where

K (x,x') :COV[ZEI)(JC)JSI)(X/)} =E 050 [z( )(x)zm( 8]
= [Zj,ka’;.?wzg?xj'?ci] +G2E B 501

+%%E@p%d%ﬂ+%EB 5]
= ” ;LB [ J(ll) /<z ]XJXJ’+O-ZE {ﬁ( >ﬁ(1)]

= D(” xTx/ +Gb,

is independent with i

o Note that zl(l)(~) and zjgl)(‘) are independent with each other, Vi # j
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Deriving k(- )
o Given that D — co, ... D=2 — o0 and
o [ M), 2TV T~ N (O Ky )
° zl(l*])(-) and zj(.lfl)(-) are independent with each other, Vi #j
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Deriving k(- )
o Given that D — co, ... D=2 — o0 and
o 2" ”<x<1>>,~--,zﬁl”’(xm)] ~N(Oy.Ky )
° zl(l*])(-) and zj(.lfl)(-) are independent with each other, Vi #j

o Consider Zfl) (x) = %Z/ab(’?qb(z}l*n(x)) + Gbﬁi(l) a zero-mean
Gaussian

o As DI — oo, we have [z (x(1), -zl (x™)]T ~ N(0y.KY) by
multidimensional Central Limit Theorem, where
K0(xx') = Covley ()2 ()] = By g o 21 07" ()]
:D?,—%E[z,kw“m,ﬁ?m 2 ”(x>>¢< 5!*”( ) +02E [ﬁ, B
+;»%(E[ﬁ<’ oo i >>]+E B 500" (x))])
Ty TE [0 o ;,>]E[¢(< Ve >] E[ﬁ, ]
_GVZVE@E’*”(x).zS’*”( )~ N (00,05 [¢(Z,l D)o (x’))] +0oy,

where
gD [ R0 kD )
22 k(lfl)(x7x/) k(lfl)(x/7xl)
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Evaluating KV

o For certain activation functions ¢(-), such as tanh and RelLU,
k) (x,x') has a closed form [10]

o For other ¢(-)'s, Markov Chain Monte Carlo (MCMC) sampling is
required to devaluate k() (x,x’)
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Outline

@ Learning Theory Revisited

o Gradient Descent is an Affine Transformation*
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Weight Dynamics

o Observation: the weights of a wide NN do not change much during

gradient descent

Training loss

Relative change in norm of weights from initialization
— Width 10 030 — width 10
Width 100 Width 100
20 —Width 100D —— Width 1000
025
15 0.20
] H
) 1g o015
1.0 5|
0.10
05
0.05
0.0 000
[ 200 200 600 800 1000 [ 200 400 600 800 1000
step step (n)
o Why?
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Weight Dynamics

o Observation: the weights of a wide NN do not change much during
gradient descent

Training loss

Relative change in norm of weights from initialization

—— Width 10
Width 100
2.0 —— Width 1000

0.30/ — Width 10
Width 100
—— Width 1000

0 200 400 600 800 1000 0 200

400 600 800 1000
step step (n)

o Why? A small change in a large number of neurons is enough to
significantly change the output

o This allows us to approximate an NN f(-; 6) w.r.t. weights using the
first-order Taylor expansion
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Linearization of f(-; 0)

o Let 6 be the parameters of the NN at the -th step of gradient
descent
o 3W = [F(xM;00),... £(x™;00)]T be the predictions over training
points
o Since 8% is close to 8 at any time 7, we can approximate f(-;60®)
using the first-order Taylor expansion w.r.t. 8 around 6(©):

Fx,00) = fx,00) = f(x,00) + Vaf(x,00) (61 —0©)

o f is still non-linear in terms of x

o Let 5’,(\1,) = [FxM;0),... F(x™;0W)]T be the predictions of f at time
t
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Weight and Prediction Dynamics

F,0) = f(x,00) = f(x,00) + Vaf(x,0) T (61 — 00

o Gradient descent with learning rate 11 makes the following changes:

ot _ g~ —T]V@C(yj(\?vyN)
— _nveyl(\’,)vyx)C(ig),J’N)

= —nVesy'V,0 CON )

and
A T
~ —nVeﬁN) \Z) J’N C()’N IN)s
————
NxD DxN

where TE\(,)}V = ngfj(\(,))TViji(\(,)) € RV*N is called the Neural Tangent
Kernel (NTK) matrix
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Prediction Dynamics in Regression
o In regression where C()_’I(\?),J’N) = %H)_’;(\(/)) —ynl? we have

t+1 —(
y](V ) J’() ~ —nTJ(v)N r)C(.YN IN) = nTNN(yN —¥v)
o With a sufficiently small learning rate 71, we can think ¢ as continuous
time and each GD step as At, where
) O I ) o) (1
limay 02 = B~ TP\ (G — )

o Letting u :_)7](\;) —yy, we have an ordinary differential equation:

o3\ 0) ,_
I~ TGN —yy)
= 9375’) =~ _nT/(\(/),)Nu(I)
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Prediction Dynamics in Regression

o In regression where C()_’I(\?),J’N) = %H)_’;(\(/)) —ynl? we have

)’J(\ZJH) 5’(0 ~ —TIT( ) r)C(.YN ) = nTNN(yN —¥v)

o With a sufficiently small learning rate 71, we can think ¢ as continuous
time and each GD step as At, where
—(t+Ar) (1) (1)
~ TN TN 0) (50
limp,_0 % AL A= T?]N*UTN,N()’N —v)

o Letting u :_)7](\;) —yy, we have an ordinary differential equation:

o3\ 0) ,_
I~ TGN —yy)
= 9375’) =~ —T,T/(\??Nu(t)

o Therefore, ul) = ¢ nTz(vzvf (0)

o Recall that ¢4 = ml+ HA+ %A2+ -+« for a symmetric A
0 So, 2 — LA4 AT 4= (LI+ LA+ )A =AM
o This implies that
(0) (0) (0) (0)
g = e NN (1 — o TN )y = ¢ MWty (1 — Tty
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Weight Dynamics in Regression

o By definition ofy,(\;), we also have y,(\j) :j),(\?) +V95’1(\9)T(9(’) — 0
o Solving 8% in

0 70 . .
eTMNNG) (1 — e Tty =500 4+ Va3 (00— 6),

we have

01 = 00 Vg T\ (1 —e TV (5 —yy)
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Predictions of Trained NN

o Substituting 6% in _)'71(6) :ﬁ](\?) —I—nglj(\?)T(B(’) —0©), we have that:

o For an arbitrary (training or test) point x’, the prediction of trained

NN is
_ ~(0)
f,0) ~f(x';0) =p' [ o |4
where
p = =TT (1 — e 1WA 1)T € RN,

0) (0)—1 o
g=Ty\Tyy (I—e 1)y,

o TS))N = ng%))Tng’;\(,)) € RV*N is the NTK matrix for Xy
o T\ = Vo5 OTVe9) € RN is the NTK matrix between x' and Xy
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Predictions of Trained NN

o Substituting 6% in _)71(6) :ﬁ](\?) —I—nglj(\?)T(B(’) —0©), we have that:

o For an arbitrary (training or test) point x’, the prediction of trained
NN is
(0)

fx',61) ~Fx';01) =pT [ Doy |+

where
p= [_T(O) T(O)_]( *T]TNNI‘%H ERNJrl’

1”.N* N,N o
0 0)—1
g=T\Tyy (= 0y

° T;V)N = VGJ’](\/) \% y,<\,) RV*N is the NTK matrix for Xy
o TE,?N =V3'© )TVQyI(V) € RN js the NTK matrix between x’ and Xn
o No actual training needed!
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Gradient Descent as an Affine Transformation

Theorem (NTK in infinite width)

As the NN's width goes to infinity, T 1(\(,)3\, and Tg(/)?zv converges to Ty n and
Ty n, which can be described by a deterministic kernel function T (-,-)
independent of a particular initialization [9, 11].

o That is, each element T;; = (1) (x() x())

o T(L)(-,~) depends only on the network structure and hyperparameters
of initial weights

o 78)(.,-) has a closed form for certain activation functions ¢(-)'s,
including erf and RelLU
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Gradient Descent as an Affine Transformation
Theorem (NTK in infinite width)
1/

Ty n, which can be described by a deterministic kernel function T (-,-)
independent of a particular initialization [9, 11].

As the NN's width goes to infinity, T 1(\%, and T(O)N converges to Ty n and

o That is, each element T;; = (1) (x() x())

o T(L)(-,~) depends only on the network structure and hyperparameters
of initial weights

o 78)(.,-) has a closed form for certain activation functions ¢(-)'s,
including erf and ReLU

5(0)
o f(x',0W)~pT [ 2’/(0) ] +gq is an affine transformation of a random
Y
5(0)
vector |: :)\},(0) :|
Y
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NTK in Infinite Width

o Consider the pre-activations zgl)(-), ZEZ)(-), ez ) =350 at
different layers at time 0
o Let Vyenzt ) (), Voenz (), -, Vgenz® () = Vo9O(-) be the
corresponding derivatives
o 805D =vec(8M ... 0")
o We use induction to show that, when D — o, we have

Vo2 () Vgenn () = 0 (x,x')
1

at any layer [, and ©V) (x,x") = k(1 (x,x")
o 7(.,.) is independent of i
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Deriving t()(-, ")

o At the first layer, we have

1 1 Oy
Ve(an,( )(x)TVe)(st( )(x’) = mxTxl‘FGg = k(l)(xaxl)

1

as D) 5
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Deriving t()(-, ")

o At the first layer, we have

2

1)(x/) — O Ty + 07 =k (x,x)

Vg(s)Z,(l)(x)Tvg(gl)Z( D)

1

as D) —
o Now, assume that when D(©) — co ... DU=2) 5 oo
Vo V(@) VeV () = eV (x,x') holds

Shan-Hung Wu (CS, NTHU) Large-Scale ML Machine Learning
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Deriving t()(-, ) |
o At the I-th layer, we have
V9<SI>Z,@ (x)lTVmg/)Z,@ (x") 1 1
l
= [Vg02, ), Vg2 (0] [V0 2 (), Vs (6]
/

= V02 () V02 () + Va2 (2) TV a2l ()

1
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Deriving t()(-, ) |
o At the I-th layer, we have

Ve@ﬂgl) (x)TV9<S’>ZEZ) (')
! ! ! l
_ [Ve(”z; )(x),Ve@*‘;Zz( )(x)][Ve(z)Zl( )(lx/),Ve(spl)Z,( )gx' 7
= V02 () V02 (&) + Vo g () Voernz ()

o As DU=1) — oo, the first term

2
o2 _ _
Vaoa ) Vo) = e e W)+ o

converges to

2 I-1)
O (1) 1), 1) () ot (00, ") ol (x)o
=k (x,x")
because z?lil)(-) and z}lil)(-) are i.i.d.
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Deriving t)(-, ) Il
o Consider the second term

Vengnzgl) (x)Tvg(Slfl)ZEl) (x/)

= Vi1t () TV g2 D () TV gtz D () V1) 2t ()

i

7l 1)(x,x’) 0 0
I I
= Vzu—l)(x)zg )T 0 - 0 Vzu—l)(x)zg (x)
0 0 - V(x,x))

() (1) (vt
_ (-1 / 9z’ (x) 9z (x')
= T( )(x,x )Z] 82(-17”()6) : Bzglfl)(x’)
j ’j

_ 2 n o
= 7( U(x,x’)Dgﬂl)ijj(J) a)ﬁi)qb’(z.

~o=~
T
—_
—
~
=
~—
~—
<-
~
—
&Nﬁ
T
—_
—
~
&
~
~—
~—

o As D=1 — oo, it becomes

i

2.(I-1) / 1 (1=1) 1o (A=1) s
GWT (x7x )E(Z(l_l)(x),zgl_l)(x’))NJV(Oz,K(Z{;l)) [¢ (Zi (x))(P (Zi (x ))i|
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Outline

@ Learning Theory Revisited

o Wide-and-Deep NN is a Gaussian Process after Training*
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Wide-and-Deep NN as a Gaussian Process |

o As D — oo, randomly initialized NN has a corresponding NN-GP:

L L
K B
KM,N KM,M

)

o]
o As D — o, GD-based training is an affine transformation:
0)

(
N
/(0)

‘<>

f&, 0y =f(x';00)=p" [ +q

<>

where
Qo p = [—TllﬁNTX,lN<I—€7nTN‘NI), I]T (S RN+1
o q=TyyTy\(I—e 1NNy,
o Tyy and Ty y the NTK matrices
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Wide-and-Deep NN as a Gaussian Process ||

o Therefore, as D — o, the trained NN is still in correspondent with a

GP, called NTK-GP, whose predictions for M test points are
[ﬁN]NW([AyN] c’
u Byy |’

o A= (I—e NNy ¢ RNXN
o B= TM.,NT;J}N(I — e 1TNNt) ¢ RMXN

o

L L
Kyy Ky

C)
L L )
Kty Kiiy

where

e RIN+M)x (N+M)
Iym
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Mean Predictions of NTK-GP

o Prior (unconditioned) mean predictions for training set:
Py =Ayy =T —e 1Ny,
o As t— o, the y, always approaches true labels y,

o This explains why the SGD-based training of large NNs seldom
encounters significant obstacles such as local minima [8]
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Mean Predictions of NTK-GP

o Prior (unconditioned) mean predictions for training set:
Py =Ayy =T —e 1Ny,
o As t— o, the y, always approaches true labels y,

o This explains why the SGD-based training of large NNs seldom
encounters significant obstacles such as local minima [8]

o Prior mean predictions for test set:
o —1 -nT,
Iy =By =TunTyy(I—e ")y,
o As t— oo, we have §,, = TM7NT;,,1NyN

o Weight hyperparameters are important because they determines
TunTyy
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Analytic vs. Real Predictions

o Wide residual network [19] trained by SGD with momentum on MSE
loss on CIFAR-10
o First two panes shows the output dynamics for a randomly selected
subset of train and test points

Train output ‘Tes‘t out‘put ‘ 0.14 ‘Loss‘ ‘ 1.0 ‘ AcFuraFy

0.8 H—"Neural Network 0.8 - : : 7 0.12F — Train H

0.6 H -+ Linearized Model 0.6+ R <1 0.10 = - Train fi, |

0.4F i ‘ 0.4 i 0.08} — Test

0.2} 0.2} 0.06 = Testhu |

0.0+ 5 0.0

—0.2 7‘/ 1 I ] N—— 0.2 I I ! L 0.00 i I i I 0.0 I I I 1
10° 10* 102 10° 10* 10° 10* 102 10 10* 10° 10* 102 10° 10* 10° 10* 102 10° 10*
t t t t
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Remarks

o Wide-and-deep NNs can be approximated by a class of GPs
o Either before, during, or after training

o Therefore, complexity of wide-and-deep NNs grows with N, not |6
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Remarks

o Wide-and-deep NNs can be approximated by a class of GPs
o Either before, during, or after training

o Therefore, complexity of wide-and-deep NNs grows with N, not |6

o Applicable to other architectures including CNN [2, 16], RNN [17, 1],
and any architecture [18]
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Limitations
o Approximation holds only when the NNs have:

o Infinite width
o Small learning rate: n < m where Apax /min is the max/min
1n

eigenvalue of Ty y [17]
o Proper initialization (to be discussed next)

o The prior NTK-GP inference $nTk.cp = TM,NT;,}NyN is inconsistent
with the Bayesian inference of NN-GP yn_gp =KM7NK;,’1NyN
o SGP introduces bias [3]
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